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ABSTRACT 

The purpose of t h i s  s tudy  program was  t o  determine t h e  shear  stress 
d i s t r i b u t i o n  i n  t h e  adhesive l a y e r  of bonded j o i n t s ,  us ing  p h o t o e l a s t i c  
stress a n a l y s i s  techniques ,  t o  e s t a b l i s h  t h e  e f f e c t  of j o i n t  conf igura t ion ,  
bondline th ickness ,  and adhesive modulus on the  s t r u c t u r a l  e f f i c i e n c y  of 
bonded j o i n t s ,  B i r e f r i n g e n t  r e s i n  materials were eva lua ted  f o r  use as 
adhesives  and coa t ings  a t  room temperature and cryogenic temperature 
s u i t a b l e  f o r  d i r e c t  and i n d i r e c t  p h o t o e l a s t i c  a n a l y s i s  of t h e  adhesive 
l a y e r  stress d i s t r i b u t i o n s .  
w e r e  obta ined by t h e  p h o t o e l a s t i c  technique on s e v e r a l  j o i n t  conf igura-  
tions, us ing va r ious  adhesives .  A t h e o r e t i c a l  stress a n a l y s i s  was  a l s o  
conducted so t h a t  r e s u l t s  could be compared with exper imenta l  f ind ings .  
Based on t h e  r e s u l t s  of t h i s  i n v e s t i g a t i o n ,  recommendations are made f o r  
t h e  achievement of h igher  s t r u c t u r a l  e f f i c i e n c y  i n  bonded j o i n t  des igns  
by op t imiza t ion  of conf igura t ion  and proper s e l e c t i o n  of adhesives ,  
Recommendations are a l s o  made f o r  f u r t h e r  exper imenta l  and a n a l y t i c a l  
s t u d i e s  f o r  the  development of improved des ign  and f a b r i c a t i o n  methods 
f o r  bonded j o i n t s .  

Experimental shear  stress d i s t r i b u t i o n  d a t a  
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SECTION I 

INTRODUCTION 

The a p p l i c a t i o n  of adhesive-bonded j o i n t s  i n  primary s t r u c t u r e s  has 
gained wide acceptance i n  modern aerospace des ign p r a c t i c e  dur ing the  p a s t  
decade. However, the  f u l l  p o t e n t i a l  of l i g h t e r  weight and manufacturing 
s i m p l i c i t y  o f f e r e d  by bonded s t r u c t u r a l  j o i n t s  has n o t  y e t  been r e a l i z e d  
i n  a c t u a l  des ign p r o a c t i c e  because of the  low e f f i c i e n c y  of most bonded 
j o i n t s  based on c u r r e n t  des ign and f a b r i c a t i o n  methods. 

The primary c r i t e r i o n  f o r  e f f i c i e n t  j o i n t  des ign i s  t h e  achievement 
of uniform stress d i s t r i b u t i o n  i n  the  bonding agen t s ,  al lowing t h e  f u l l  
u t i l i z a t i o n  of t h e  s t r e n g t h  of t h e  adhesive.  Local ized stress concentra-  
t i o n  and t h e  u n c e r t a i n t y  of the  magnitude of these  stresses cause the  
des igner  t o  apply  s a f e t y  f a c t o r s  i n  t h e  s i z i n g  of bonded j o i n t s  which are 
w e l l  i n  excess  o f  common p r a c t i c e  used f o r  o t h e r  s t r u c t u r a l  components. 

j o i  
of 

The problem of s t r u c t u r a l  des ign  op t imiza t ion  of adhesive-bonded 
1- 3 . n t s  has been t r e a t e d  by s e v e r a l  i n v e s t i g a t o r s .  Due t o  the  complexity 

the  problem, however, t h e o r e t i c a l  s t u d i e s  have produced on ly  l i m i t e d  
r e su l t s  der ived through i d e a l i z e d  models n o t  widely a p p l i c a b l e  t o  a c t u a l  
des ign problems. The l a r g e  number of v a r i a b l e s  involved when a l l  important  
adherend and adhesive p r o p e r t i e s  which a f f e c t  t h e  performance of bonded 
j o i n t s  are taken i n t o  cons ide ra t ion  ( inc lud ing  geometric conf igura t ions )  
d i c t a t e s  t h a t  t h e o r e t i c a l  a n a l y s i s  be supplemented with experimental  
i n v e s t i g a t i o n s .  

The purpose of t h i s  program w a s  t o  u t i l i z e  p h o t o e l a s t i c  experimental  
stress a n a l y s i s  techniques f o r  t h e  s tudy of shear  s t r e s s  d i s t r i b u t i o n  i n  
bonded j o i n t s  t o  e s t a b l i s h  t h e  e f f e c t  of c o n f i g u r a t i o n  and adhesive prop- 
e r t i e s  on t h e  e f f i c i e n c y  of t h e  bonded j o i n t .  

P h o t o e l a s t i c  s t ress  a n a l y s i s  techniques  are w e l l  s u i t e d  f o r  t h i s  
a p p l i c a t i o n  because of t h e i r  a b i l i t y  t o  provide  a q u a n t i t a t i v e  measure of 
the  magnitude of stresses over a l a r g e  continuous area and, a t  t h e  same 
t i m e ,  t o  g ive  a p i c t o r i a l  p r e s e n t a t i o n  of t h e  d i s t r i b u t i o n  and d i r e c t i o n  of 
t h e s e  stresses.  

Two b a s i c a l l y  d i f f e r e n t  p h o t o e l a s t i c  stress a n a l y s i s  techniques were 
employed dur ing t h i s  program f o r  the  measurement of shear  s t ress  d i s t r i b u -  
t i o n  i n  t h e  adhesive l a y e r  of bonded j o i n t s .  The f i r s t  technique was based 
on t h e  use of adhesive materials which e x h i b i t  b i r e f r i n g e n c y  under v a r i a -  
t i o n s  i n  stresses w i t h i n  the  adhesive l a y e r  when i l lumina ted  with c i r c u l a r l y  
p o l a r i z e d  l i g h t .  This  phenomenon can be p u t  t o  use t o  determine stress 
d i s t r i b u t i o n  i n  t h e  adhesive l a y e r  by us ing a t r a n s p a r e n t  material ,  such 
as g l a s s ,  on one of t h e  adherends of t h e  j o i n t  t o  provide  a r e f l e c t i v e  
m i r r o r  f i n i s h  on the  bonded s u r f a c e  of the  o t h e r  adherend. When viewed 
by a r e f l e c t i v e  po la r i scope  through the  g l a s s  adherend, t h e  b i r e f r i n g e n t  
p a t t e r n  i n  t h e  adhesive l a y e r  can be analyzed while t h e  j o i n t  specimen i s  
being loaded mechanically.  With t h e  second technique,  t h e  need f o r  a 



t r a n s p a r e n t  adherend i s  e l imina ted  and a b i r e f r i n g e n t  p l a s t i c  material i s  
used as a coa t ing  over t h e  o u t s i d e  s u r f a c e  of t h e  adherends,  A r e f l e c t i v e  
po la r i scope  i s  a l s o  used with t h i s  technique f o r  viewing the  b i r e f r i n g e n t  
p a t t e r n  i n  the  p l a s t i c  c o a t i n g  while t h e  j o i n t  i s  being loaded mechanically,  
However, t h e  measured stress d i s t r i b u t i o n s  corresponding t o  t h e  b i r e f r i n g e n t  
p a t t e r n s  are, i n  t h i s  case ,  the  p lane  stresses i n  t h e  adherend r a t h e r  than 
the  stresses i n  the  adhesive l a y e r .  But the  shear  stress d i s t r i b u t i o n  i n  
the  adhesive l a y e r  can be obta ined from t h e  measured stress d i s t r i b u t i o n  
i n  t h e  adherends by d i r e c t  d i f f e r e n t i a t i o n .  This  second technique,  commonly 
r e f  e r r e d  t o  as t h e  photos tress a n a l y s i s ,  i s  advantageous i n  t h a t  experimental  
stress a n a l y s i s  of a real j o i n t  specimen can be made us ing t y p i c a l  s t r u c t u r a l  
adherend materials and adhesives .  
analyzed are n o t  r e s t r i c t e d  t o  t h e  use of b i r e f r i n g e n t  adhesives  o r  
t r a n s p a r e n t  adherend. 

I n  o t h e r  words, t h e  j o i n t  models t o  be 
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SECTION I1 

TECHNICAL INVE STIGATI ON 

DIRECT MEASUREMENT OF SHEAR STRESS DISTRIBUTION 

The i n i t i a l  o b j e c t i v e  of t h e  program w a s  t o  i n v e s t i g a t e  t h e  f e a s i b i l i t y  
of  t h e  d i r e c t  measurement of  shear  stress d i s t r i b u t i o n  i n  the  adhesive l a y e r  
of bonded j o i n t s .  Based on t h e  known b i r e f r i n g e n t  c h a r a c t e r i s t i c s  of c e r t a i n  
r e s i n  materials, we assumed t h a t  by us ing  a t r a n s p a r e n t  adherend on one s i d e  
of t h e  j o i n t ,  t h e  b i r e f r i n g e n t  p a t t e r n  produced i n  t h e  adhesive l a y e r  under 
va ry ing  stress levels could be observed by a r e f l e c t i v e  po la r i scope .  This  
approach w a s  con t ingen t  upon t h e  assumption t h a t  the  o t h e r  adherend o r  the  
back s i d e  of t h e  adhesive  l a y e r  would render  a r e f l e c t i v e  mi r ro r  s u r f a c e .  

The s u c c e s s f u l ,  p r a c t i c a l  a p p l i c a t i o n  of t h i s  technique i s  l a r g e l y  
dependent on t h e  s e n s i t i v i t y  of t h e  b i r e f r i n g e n t  r e s i n  material. The f i r s t  
t a s k  of t h e  program, t h e r e f o r e ,  was t o  e v a l u a t e  the  s e n s i t i v i t y  of s e v e r a l  
b i re f r ingen t  res i n s  . 
Resin  Screening Tests 

The s e n s i t i v i t y  of a b i r e f r i n g e n t  r e s i n  i s  de f ined  by t h e  magnitude of 
f r i n g e  o rder  produced i n  t h e  material  s u b j e c t  t o  a g iven  mechanical s t r a i n  
level 

A s i n g l e  c a l i b r a t i o n  f i x t u r e ,  shown i n  F igure  1, w a s  used t o  e v a l u a t e  
several cand ida te  r e s i n  ,systems. With t h i s  f i x t u r e ,  a 1 /4 - in .  t h i c k  alumi- 
num beam coated with a t h i n  l a y e r  of r e s i n  i s  f i x e d  on one end, whi le  the  
o t h e r  end i s  d e f l e c t e d  a known amount. The b i r e f r i n g e n t  f r i n g e  o rder  i n  
the p l a s t i c  c o a t i n g  i s  measured a t  several p o i n t s  by a r e f l e c t i v e  p o l a r i -  
scope.  (The r e f l e c t i v e  po la r i scope  and i t s  use are d i scussed  b r i e f l y  i n  
Appendix A.) 
aluminum beam, thus  p e r m i t t i n g  t e s t  d a t a  t o  be ob ta ined  on t h e  f r i n g e  o rder  
ve r sus  s t r a i n  f o r  t h e  r e s i n  c o a t i n g ,  

The magnitude o f  a x i a l  s t r a i n  can be c a l c u l a t e d  f o r  the  

F igure  1. P h o t o e l a s t i c  C a l i b r a t i o n  Setup 
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Si:: r e s i n  systems were eva lua ted ,  us ing  the  beam c a l i b r a t i o n  f i x t u r e  a t  
room temperature and when submerged i n  l i q u i d  n i t rogen .  The b i r e f r i n g e n t  
s e n s i t i v i t y  of these  r e s i n s  i s  p resen ted  i n  Table I .  As i n d i c a t e d  by the  l a c k  
of d a t a  a t  cryogenic temperature 
f o r  a l l  bu t  two of  t h e  candidate  
r e s i n s ,  most of t h e  materials 
i n v e s t i g a t e d  are n o t  s u i t a b l e  
f o r  use  a t  l i q u i d  n i t r o g e n  t e m-  
p e r a t u r e s  because of t h e i r  
f a i l u r e  under thermal stresses. 
I n  the  case of the  very low- 
modulus Narmco 7343 material, 
the  lack of d a t a  i s  due t o  the  
very  low b i r e f r i n g e n t  s e n s i t i v -  
i t y  of t h i s  r e s i n ,  both a t  room 
temperature and a t  cryogenic 
temperature.  This  material can 
wi ths tand t h e  thermal schock, 
however, when submerged i n  
l i q u i d  n i t rogen .  The s p e c i a l  
o p t i c a l l y  c l e a r  c r y o s t a t  used 
i n  t h e  p h o t o e l a s t i c  measure- 
ments of the  specimens sub- 
merged i n  l i q u i d  n i t r o g e n  i s  
i l l u s t r a t e d  and descr ibed i n  
Appendix B.  

B i r e f r i n g e n t  Adhesive S e l e c t i o n  

TABLE I 

BIREFRINGENT SENSITIVITY 
OF RESIN SYSTEMS 

Adhe s ive 

Budd Company L-11 

Ciba 6020/HN 951 

Epon 828/1031 

Narmco 7344 

Epon 828/Versamid 125 

Narmco 7343 

S ens  

RT 

0.13 

0.09 

0.09 

0.06 

0.04 

- -$< 

t i v i  t y  

-320°F 

-* 
0.10 

.I. - - ,, 
0.08 

- -* 
- -$< 

* No d a t a .  

The Ciba 6020/951 adhesive  w a s  s e l e c t e d  f o r  f u t u r e  use i n  the  program i n  
both room temperature and cryogenic tests .  
sc reen ing  program, t h e  Ciba 6020/951 demonstrated h igh  p h o t o e l a s t i c  s e n s i t i v i t y  
( i ,e . ,  a f r i n g e  o r d e r  c o e f f i c i e n t  of 0.09 a t  room temperature and of 0.10 a t  
-320°F), and appeared t o  be s u i t a b l e  f o r  use a t  cryogenic temperature i n  t h i n  
l a y e r s .  Other important  f a c t o r s  l ead ing  t o  the  s e l e c t i o n  of t h e  Ciba adhesive 
were t h a t  specimen f a b r i c a t i o n  w a s  e a s i l y  accomplished because of i t s  room 
temperature cure  and t h a t  low r e s i d u a l  stresses were obta ined as a r e s u l t  of 
i t s  low shr inkage c h a r a c t e r i s t i c s .  

Based on t h e  r e s u l t s  of t h e  adhesive 

Glass/Metal J o i n t  Tests 

Bonded j o i n t  specimens, f o r  t h e  d i r e c t  measurement of  shear  stress d i s t r i -  
but ion i n  t h e  adhesive  l a y e r ,  were f a b r i c a t e d  with the  Ciba adhesive and with 
g l a s s  and m e t a l  adherends. 

The f i r s t  j o i n t  specimen, shown i n  F igure  2 ,  c o n s i s t e d  of an aluminum 
s t r i p  bonded t o  a g l a s s  p l a t e .  The bondl ine  was 0.020 i n .  t h i c k .  The j o i n t  
w a s  loaded i n  shear  by applying a t e n s i l e  load t o  t h e  aluminum s t r i p  while t h e  
g l a s s  p l a t e  was r e s t r a i n e d  in a ho ld ing  fixture. P h o t o e l a s t i c  measurements 
made d u r i n g  t h e  i n c r e a s i n g  load ing  cond i t ions  i n d i c a t e d  uniform stress d i s t r i -  
bu t ion  in  t h e  adhesive over  t h e  e n t i r e  bond area. However, t h e  maximum f r i n g e  
o rder  ob ta ined  was on ly  about 0.65 when bond f a i l u r e  occurred a t  t h e  g l a s s /  
adhesive  interface. T h e o r e t i c a l  shear  stress d i s t r i b u t i o n  c a l c u l a t i o n s  gave 
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i n d i c a t i o n  t h a t  t h e  t h i c k  bondline used i n  t h i s  specimen r e s u l t s  i n  only  very  
s m a l l  stress risers a t  t h e  ends of t h e  bonded area. I n  o r d e r  t o  observe 
t y p i c a l  bondl ine  shear  stress d i s t r i b u t i o n  wi th  l a r g e  stress risers, a 
specimen wi th  t h i n n e r  bondl ine  w i l l  have t o  be f a b r i c a t e d .  

The second specimen, i l l u s t r a t e d  g r a p h i c a l l y  i n  F i g u r e  3 ,  had a 
0.010-in. t h i c k  bondl ine .  We a n t i c i p a t e d  t h a t  h igher  load ing  of t h i s  t h i n  
bondline would be r e q u i r e d  t o  permit  p h o t o e l a s t i c  measurements. The specimen 
geometry w a s  t h e r e f o r e  modified t o  e l i m i n a t e  d i r e c t  load ing  of t h e  g l a s s  
p l a t e s .  I n  t h i s  c o n f i g u r a t i o n ,  tm g l a s s  p l a t e s  were used as doub le r s 'over  
two aluminum s t r i p s  loaded i n  t ens ion .  P h o t o e l a s t i c  measurement of  t h e  
stress d i s t r i b u t i o n  i n  t h e  adhesive  w a s  n o t  s u c c e s s f u l  because of t h e  bond 
f a i l u r e  a t  t h e  g l a s s / a d h e s i v e  i n t e r f a c e .  

With t h e  exper ience  gained from t h e  unsuccessful  r e s u l t s  of t h e s e  two 
specimen c o n f i g u r a t i o n s ,  a new se t  of j o i n t  specimens was  f a b r i c a t e d ,  us ing 
h i g h- q u a l i t y  tempered Vycor g l a s s  bonded t o  aluminum wi th  Ciba 6020/951 and 
Narmco 7344 adhesives  (see F igure  4 ) .  These specimens f a i l e d  a t  a ve ry  low 
load l e v e l .  The g l a s s  p l a t e s  cracked l o n g i t u d i n a l l y  i n  t h e  doubler  area, which 
i n d i c a t e s  t h a t  t h e s e  f a i l u r e s  were a r e s u l t  of r e s i d u a l  thermal stresses caused 
by mismatched thermal s t r a i n s  of the  Vycor g l a s s  and t h e  aluminGm doublers .  

This  s i t u a t i o n  might have been c o r r e c t e d  by us ing  t h i n n e r  doublers  made of 
a m e t a l  having a lower thermal expansion than  aluminum. However, the  i n d i r e c t  
measurement of adhesive  shear  s t r e s s  d i s t r i b u t i o n s ,  i n i t i a t e d  as a p a r a l l e l  
course  of s tudy  wi th  t h e  d i r e c t  measurement a t t empts ,  w a s  showing very  
promising r e s u l t s .  F u r t h e r  e f f o r t s  i n  d i r e c t  measurements were t h e r e f o r e  
abandoned i n  favor  of t h e  i n d i r e c t  technique.  

F igure  2 .  Glass-Metal J o i n t  of 
S i n g l e  Lap Configura- 
t i o n  
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P l a t e s .  
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Figure  3 .  Glass-Metal J o i n t  Double 
Lap Conf igura t ion  
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Figure  4 .  Vycor Glass/Metal J o i n t s  of 
S ing le  Lap Conf igura t ion .  
Aluminum doubler  
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INDIRECT MEASUREMENT OF SHEAR STRESS DISTRIBUTION 

I n d i r e c t  measurement of t h e  shear  stress d i s t r i b u t i o n  i n  the  adhesive 
l a y e r  of  bonded j o i n t s  was accomplished by a p p l i c a t i o n  of a b i r e f r i n g e n t  
p l a s t i c  coa t ing  over t h e  o u t s i d e  s u r f a c e s  of the  adherends. P h o t o e l a s t i c  
a n a l y s i s  of t h e  coa t ings  provides  t h e  means t o  measure the  stress d i s t r i b u -  
t i o n  i n  the  adherends. 
i n  comparison t o  t h e  l e n g t h  of t h e  bonded j o i n t ,  t h e  stress d i s t r i b u t i o n  
i n  t h e  adherend can be assumed t o  be two-dimensional with no v a r i a t i o n  i n  
the  th ickness  d i r e c t i o n .  I n  o t h e r  words, t h e  stress d i s t r i b u t i o n  measured 
on t h e  s u r f a c e  of t h e  adherend i s  i d e n t i c a l  t o  t h e  stresses throughout 
the  th ickness  of t h e  adherend. This  p lane  stress cond i t ion  permits  us t o  
c a l c u l a t e  t h e  shear  stress d i s t r i b u t i o n  i n  the  adhesive  l a y e r  by d i r e c t  
d i f f e r e n t i a t i o n  o f  t h e  a x i a l  stress d i s t r i b u t i o n  ob ta ined  f o r  the  adherend. 

A s  long as t h e s e  adherends are r e l a t i v e l y  t h i n ,  

The p lane  stress cond i t ion  on ly  holds  t r u e ,  however, i n  t h e  case of 
l a p  j o i n t s  wi th  no bending. Therefore ,  the  i n d i r e c t  measurement of adhesive 
shear  stress d i s t r i b u t i o n  was l i m i t e d  t o  symmetrical double l a p  j o i n t s .  

Experimental S t r e s s  Analysis  of Double Lap J o i n t s  

The b i r e f r i n g e n t  p l a s t i c  coa t ing ,  p h o t o e l a s t i c  stress a n a l y s i s  technique 
i s  g e n e r a l l y  known as t h e  p h o t o s t r e s s  method. The f i r s t  two j o i n t  specimens 
analyzed by t h e  p h o t o s t r e s s  method are shown i n  F igures  5 and 6.  

The two specimens were i d e n t i c a l  except  f o r  t h e  doubler  c o n f i g u r a t i o n ,  
The f i r s t  j o i n t  has p lane  0.063-in. t h i c k  aluminum doublers  on both  s i d e s  of 
the  0.250-in. t h i c k  aluminum main p l a t e s ,  while t h e  second specimen r e p r e s e n t s  
t h e  f ingereddouble r  p a t t e r n  used on t h e  Sa tu rn  common bulkhead. 

F igures  7 and 8 show t h e  r e s u l t s  of the  p h o t o s t r e s s  a n a l y s i s ,  and 
i l l u s t r a t e  t h e  a x i a l  stress d i s t r i b u t i o n  i n  t h e  doublers  and the  shear  s t ress  
d i s t r i b u t i o n  curves obta ined by d i f f e r e n t i a t i o n  o f  t h e  a x i a l  stress d i s t r i b u -  
t ion  

I n  t h e  case of the  p lane  doubler ,  t h e  shear  stress d i s t r i b u t i o n  curve 
obta ined by t h e  i n d i r e c t  method i s  i n  good agreement wi th  t h e  genera l  shape 
of the  t h e o r e t i c a l  shear  stress d i s t r i b u t i o n  p r e d i c t e d  by Volkersen4 f o r  l a p  
j o i n t s  wi thout  bending. The on ly  s i g n i f i c a n t  d e v i a t i o n  of t h e  exper imenta l  
stress d i s t r i b u t i o n  from the  t h e o r e t i c a l  p r e d i c t i o n  occurs  a t  t h e  ends of 
the  bondline,  where t h e  t h e o r e t i c a l  d i s t r i b u t i o n  has i t s  maximum p o i n t s ,  
while the  exper imenta l  curves shown a sharp  r e d u c t i o n  i n  the  measured shear  
stress. 

The rounded-off shape of t h e  experimental  shear  stress d i s t r i b u t i o n  curve 
i s  probably the  e f f e c t  of non-uniform stress d i s t r i b u t i o n  through the  th ickness  
of the  doubler  near  the  ends,  I n  o t h e r  words, our  b a s i c  assumption of two- 
dimensional  stress d i s t r i b u t i o n  i n  t h e  doubler  does n o t  Gold t r u e  near  t h e  
ends of t h e s e  r e l a t i v e l y  t h i c k  doublers .  The use  of th inner  doubler  i s  re- 
qu i red  f o r  t h e  real is t ic  measurement of  t h e  shear  stress d i s t r i b u t i o n  i n  the  
adhesive  l a y e r  by t h e  i n d i r e c t  method. 
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(a) Double Lap Bonded J o i n t  wi th  
P h o t o s t r e s s  Coating 

(b) B h o t o e l a s t i c  F r inge  P a t t e r n  a t  
10,000- lb Load 

F igure  5. P l a i n  J o i n t  Specimen 
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(a) Fingered  Doubler Double Lap Bonded 
J o i n t  wi th  P h o t o s t r e s s  Coat ing  

(b) P h o t o e l a s t i c  F r inge  P a t t e r n  a t  
10,000- lb Load 

F igure  6 .  Fingered Doubler J o i n t  Specimen 
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Figure  7 .  S t r e s s  D i s t r i b u t i o n  i n  a Plane Doubler Double L 
Bonded J o i n t  
ment technique)  

(Determined by photos tress 
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Figure  8. S t r e s s  D i s t r i b u t i o n  i n  a Fingered Doubler Doable Lap 
Bonded J o i n t  (Determined by pho tos t r e s s  measurement 
technique)  
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The s h e a r  s t r e s s  d i s t r i b u t i o n  curves  obta ined f o r  t he  f ingered  doubler  
j o i n t  a r e  much h a r d e r  t o  e v a l u a t e  i n  terms of  agreement w i t h  t h e o r e t i c a l  
p r e d i c t i o n  because of  t h e  complexity of  such ana lyses .  
conclude from t h e  experimental  shear  s t r e s s  d i s t r i b u t i o n ,  however, t h a t  t h e  
f ingered p a t t e r n  r e s u l t e d  i n  a r educ t ion  of the  maximum stress c o n c e n t r a t i o n  
a t  t he  f r e e  ends of  t€ie doub le r ,  wh i l e  caus ing only  a small s t r e s s  r i s e  a t  
t he  c e n t e r  of  the  c u t o u t  s e c t i o n .  

We can d e f i n i t e l y  

Based on the  s u c c e s s f u l  a n a l y s i s  of  t h e s e  two i n i t i a l  j o i n t  specimens, 
s i x  a d d i t i o n a l  double l a p  j o i n t  models were analyzed,  r e p r e s e n t i n g  t h r e e  
types of  c o n f i g u r a t i o n s  dep ic ted  i n  F igure  9. Two sets of  j o i n t s  wi th  
these  c o n f i g u r a t i o n s  were i n v e s t i g a t e d  us ing  two d i f f e r e n t  adhes ive  sys-  
tems. P h o t o e l a s t i c  measurements of  t h e  s i x  specimens were made a t  s e v e r a l  
load l e v e l s .  A t y p i c a l  s e t  of f r i n g e  p a t t e r n s  f o r  t h e  t h r e e  types of  j o i n t  
c o n f i g u r a t i o n s  i s  shown i n  Figure  10. 
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Type 1 
Plane Doubler 

F igure  9.  
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Bonded Double Lap Joint Configura t ions  
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Figure  10. Double Lap Bonded J o i n t  Specimens and 
P h o t o e l a s t i c  F r inge  P a t t e r n s  a t  4000- 
l b  Applied Load 
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The stress d i s t r i b u t i o n s  c a l c u l a t e d  f o r  t h e  s i x  j o i n t  specimens from t h e  
p h o t o s t r e s s  d a t a  are presented i n  F igures  11 through 16. 
were bonded w i t h  t h e  high-modulus Epon 828hersamid  125 adhesive ,  whi le  Speci-  
mens 4 through 6 w e r e  bonded w i t h  t h e  low-modulus Narmco 7343 adhesive .  

The f i r s t  t h r e e  j o i n t s  

T h e o r e t i c a l  shear  stress d i s t r i b u t i o n  curves are a l s o  p resen ted  f o r  
Specimens 1 and 4 (Figures 11 and 14 r e s p e c t i v e l y ) .  
were c a l c u l a t e d  by us ing  an  improved v e r s i o n  of t h e  classical j o i n t  a n a l y s i s  
techniques.  This  modified approach forms the  b a s i s  f o r  rea l is t ic  t rea tment  
of  t h e  adhesive  l a y e r  behavior throughout t h e  e l a s t i c  and p l a s t i c  range by 
u t i l i z i n g  an  exper imenta l ly  obta ined shear  stress versus  shear  s t r a i n  r e l a t i o n -  
sh ip .  
the  fo l lowing s e c t i o n ,  and the  mathematical  formulat ion of t h e  a n a l y s i s  i s  
given i n  Appendix C .  

These t h e o r e t i c a l  curves 

A more d e t a i l e d  d i s c u s s i o n  of t h e  t h e o r e t i c a l  a n a l y s i s  i s  p resen ted  i n  

The shear  stress d i s t r i b u t i o n s  obta ined f o r  t h e  t h r e e  d i f f e r e n t  j o i n t  
conf igura t ions  were f i r s t  compared. The plane  doubler  j o i n t  demonstrated 
the  f a m i l i a r  shear  stress d i s t r i b u t i o n  curve ,  c h a r a c t e r i z e d  by t h e  n e a r l y  
symmetrical h igh  stress concen t ra t ions  a t  both ends o f  t h e  bondl ine .  There 
is  g e n e r a l l y  good agreement between experimental  and t h e o r e t i c a l  shear  
stress d i s t r i b u t i o n  f o r  the  epoxy-bonded j o i n t  except  a t  t h e  end p o i n t s .  

The discrepancy i n  t h e  case  of t h e  Narmco 7343 bonded plane doubler  j o i n t s  
i s  much l a r g e r .  This i s  a t t r i b u t a b l e  t o  t h e  l a r g e  v a r i a t i o n  i n  t h e  shear  modu- 
l u s  of t h i s  adhesive,  which is  very  s e n s i t i v e  t o  mois ture  absorp t ion  i n  t h e  
bondline.  The tes t  d a t a  used i n  t h e  t h e o r e t i c a l  a n a l y s i s  were obta ined from 
specimens prepared wi thout  t h e  a p p l i c a t i o n  of s p e c i a l  primer and mois ture  
absorp t ion  p reven t ing  p rocesses  , whi le  t h e  j o i n t  models used i n  the  e x p e r i -  
mental stress a n a l y s i s  were bonded fol lowing t h e  b e s t  a v a i l a b l e  process ing 
techniques .  

Comparing t h e  shear  stress d i s t r i b u t i o n s  o f  t h e  p lane  doubler  j o i n t s  wi th  
t h e  tapered doubler  type and wi th  t h e  tapered doubler  sca r fed  j o i n t  conf igura-  
t i o n  i n d i c a t e s  a d e f i n i t e  t r end  o f  r educ t ion  i n  t h e  maximum stress concentra-  
t i o n .  The tapered double- scarfed j o i n t  demonstrates a shear  stress d i s t r i b u t i o n  
approaching a uniformly s t r e s s e d  adhesive l a y e r .  The j o i n t s  bonded w i t h  t h e  
lower modulus adhesive  appear t o  have reduced s t r e s s  concen t ra t ions  i n  t h e  
case  o f  a l l  t h r e e  j o i n t  c o n f i g u r a t i o n s .  
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Figure 11. S t r e s s  D i s t r i b u t i o n  i n  a Double Lap 
Bonded J o i n t  (Determined by photo-. 
stress measurement technique) 
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Figure 12. Stress Distribution in a Double Lap 
Bonded Joint (Determined by photo- 
stress measurement technique) 
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Figure 1 3 .  Stress D i s t r i b u t i o n  in  a Double Lap 
Bonded J o i n t  (Determined by photo- 
s t r e s s  measurement technique) 
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Adhesive: Narmco 7343 
Bondline: 0.004 in .  t h i c k  
Adherend: 2024-T3 Aluminum 
Load (P) :  4000 l b  
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Figure 14. S t r e s s  D i s t r i b u t i o n  in  a Double Lap 
Bonded J o i n t  (Determined liy photo- 
s t r e s s  measurement technique) 
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Figure  15. S t r e s s  D i s t r i b u t i o n  i n  a Double Lap 
Bonded J o i n t  (Determined by Photq- 
stress Measurement Technique) 
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Figure 16. Stress Distribution in a Double Lap 
Bonded Joint (Determined by photo- 
stress measurement technique) 
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T h e o r e t i c a l  Shear S t r e s s  Analys is  

T h e o r e t i c a l  a n a l y s i s  of t h e  shear  stress d i s t r i b u t i o n  i n  t h e  p lane  doubler  
j o i n t  c o n f i g u r a t i o n  was performed f o r  both t h e  epoxy and t h e  Narmco 7343 
adhesive systems. The a n a l y t i c a l  t rea tment  of  the  problem fol lows t h e  tech-  
nique developed by Goland and Re i ssner l  f o r  s i n g l e  l a p  j o i n t s  wi thout  bending. 
This  c l a s s i c a l  a n a l y t i c a l  technique was modified so  t h a t  t h e  e l a s t i c - p l a s t i c  
behavior of  the  adhesive  l a y e r  could be t r e a t e d .  The a c t u a l  stress versus  
s t r a i n  r e l a t i o n s h i p  f o r  t h e  adhesive  i s  in t roduced i n  the  a n a l y s i s  by t h e  
fo l lowing approximate r e l a t i o n s h i p :  

6 --I 

7 =  a ( 1  - e  -by) 

1 

where the  c o n s t a n t s  a and b are determined from exper imenta l  da ta .  The 
d e t a i l e d  a n a l y s i s  i s  given i n  Appendix C .  

5 -  

.rl 

2 4 -  
h 

Typical  exper imenta l  shear  stress versus  s t r a i n  d a t a  obta ined dur ing the  
program are presen ted  i n  F igure  17 f o r  t h r e e  d i f f e r e n t  adhesive  systems. As 
po in ted  o u t  p rev ious ly ,  t h e  curves  f o r  t h e  Narmco 7343 system are bel ieved t o  
be lower than  those  which would r e p r e s e n t  a p roper ly  processed bond, 

---L -?gJ 1.50 

2 

LEGEND: 1. 
2 .  

3 .  

4 .  

5 .  

6 .  

Figure  1 7 .  

Epon 828/Versamid 125 ta = 0.0040 

Epon 828/Versamid 125 ta 0.0095 

Metlbond 400 ta = 0.0040 

Metlbond 400 ta = 0.0085 

Narmco 7343 t, = 0.0040 

Nannco 7343 ta = 0.0085 

Shear S t r e s s  ve r sus  Shear S t r a i n  
f o r  Various Adhesives 

I 
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The use of t h e  exponent ia l  express ion ,  which i s  b e s t  s u i t e d  f o r  approxi-  
mating t y p i c a l  experimental  s t r e s s - s t r a i n  curves ,  complicates  t h e  mathematical 
p roblem -requi r ing  an i t e r a t i v e  numerical s o l u t i o n ,  

The r e s u l t s  o f  t h e  t h e o r e t i c a l  a n a l y s i s  of t h e  two p lane  doubler  j o i n t  
models were shown p rev ious ly  i n  F igu re s  11 and 14. 
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SECTION I11 

DISCUSSION 

The r e s u l t s  o f  t h i s  program demonstrated t h a t  p h o t o e l a s t i c  s t ress  a n a l y s i s  
techniques can be used e f f e c t i v e l y  t o  determine t h e  shea r  stress d i s t r i b u t i o n  
i n  t he  adhesive l a y e r  of  bonded j o i n t s .  The exper imenta l  stress a n a l y s i s  of 
bonded j o i n t s  i s  a u s e f u l  t o o l  f o r  t h e  op t imiza t ion  of  bonded j o i n t s  i n  t h a t  
it  permi ts  eva lua t ion  o f  t h e  s t ress  d i s t r i b u t i o n  i n  complex j o i n t  conf igura-  
t i o n s ;  such an eva lua t ion  would be  extremely d i f f i c u l t  in t h e o r e t i c a l  a n a l y s i s .  

Only a s m a l l  number of j o i n t s  were i n v e s t i g a t e d  du r ing  t h i s  program. The 
l i m i t e d  amount of  d a t a  neve r the l e s s  shows d e f i n i t e  t r ends  toward achieving  
more e f f i c i e n t  bonded j o i n t s  through improved des ign  and manufacturing techniques.  

EFFECT OF J O I N T  CONFIGURATION AND ADHESIVE MODULUS ON THE 
SHEAR STRESS DISTRIBUTION 

Based on t h e  r e s u l t s  of t h e  exper imenta l  stress a n a l y s i s  of  t he  t h r e e  
d i f f e r e n t  j o i n t  conf igu ra t ions  wi th  a h igh-  and low-modulus adhesive,  we  can 
conclude t h a t  t h e  shear  concen t ra t ion  c h a r a c t e r i s t i c s  of simple bonded l a p  
j o i n t s  can be reduced by proper  choices  of adherends geometry and adhesive 
p r o p e r t i e s .  

The shear  stress d i s t r i b u t i o n s  i n  t h e  j o i n t s  wi th  tapered  doublers  show 
a s i g n i f i c a n t  r educ t ion  of t he  maximum stress concen t r a t ions  i n  comparison t o  
t he  p lane  doubler  j o i n t s .  The tapered  s c a r f e d  j o i n t  conf igu ra t ion  i n d i c a t e s  
even f u r t h e r  r educ t ion  of s t ress  concen t r a t ion  i n  t h e  adhesive l a y e r  of both 
high-  and low-modulus adhes ives .  The comparison between t h e  r e s u l t s  obta ined  
f o r  t he  two adhesives sugges ts  t h a t  t h e  lower modulus adhesive w i l l  minimize 
t he  shea r  stress concen t r a t ions  i n  any j o i n t  con f igu ra t ion .  

OPTIMUM BONDED JOINTS 

The l i m i t e d  amount of d a t a  obta ined  du r ing  t h i s  program i s  n o t  s u f f i c i e n t  
t o  e s t a b l i s h  s p e c i f i c  des ign  conf igu ra t ions  f o r  a so- ca l l ed  optimum bonded 
j o i n t .  The gene ra l  t r ends  d iscussed  p rev ious ly ,  however, sugges t  some gene ra l  
gu ide l ines  f o r  t h e  des igner  who i s  seeking  more e f f i c i e n t  bonded j o i n t s .  

The experimental  stress a n a l y s i s  d a t a  of t h i s  program are l imi t ed  t o  
symmetrical l a p  j o i n t s  without  bending. Thus, t he  a p p l i c a t i o n  of t hese  r e s u l t s  
must a l s o  be r e s t r i c t e d  t o  j o i n t  conf igu ra t ions  which are no t  s u b j e c t  t o  
bending. However, t h i s  does n o t  n e c e s s a r i l y  mean t h a t  symmetrical configura-  
t i o n  i s  r equ i r ed .  For example, i n  t he  case of  sandwich s t r u c t u r e s ,  a s i n g l e  
doubler  s t r i p  i s  commonly used f o r  j o i n i n g  ad jacen t  pane l s .  I n  t h i s  case ,  
t h e  j o i n t  i s  n o t  symmetrical b u t  t h e  adherends are r e s t r a i n e d  a g a i n s t  r o t a t i o n  
by t h e  sandwich co re ;  thus ,  t he ,bend ing  e f f e c t s  are n e g l i g i b l e ,  

I n  an  a c t u a l  des ign  a n a l y s i s ,  we must cons ider  p r a c t i c a l  f a c t o r s  i n  
e s t a b l i s h i n g  a j o i n t  con f igu ra t ion .  Tapered o r  contoured doubler  conf igu ra t ions  
are expensive but  j u s t i f i a b l e  f o r  h igh- e f f i c i ency  s t r u c t u r a l  a p p l i c a t i o n s  i f  
they  o f f e r  s i g n i f i c a n t  improvement i n  j o i n t  e f f i c i e n c y .  I n  most a p p l i c a t i o n s ,  
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the  use of tapered o r  s c a r f e d  main p l a t e s  (sandwich fac ings )  would be p roh ib i-  
t i v e  because of the  a s s o c i a t e d  high c o s t .  

With t h e s e  cons ide ra t ions  i n  mind, then,  t h e  genera l  j o i n t  conf igura t ion  
dep ic ted  i n  F igure  18 i s  a suggested h igh- ef f i c iency  des ign based on the  
conclus ions  reached dur ing t h i s  program. 

- 

t 

F igure  18. General Design Concept f o r  
High-Ef f i c i e n c y  Bonded 
J o i n t s  

The des ign op t imiza t ion  of a given j o i n t  would be accomplished by the  
fo l lowing procedure:  

1. Adhesive material i s  s e l e c t e d  based on t h e  c r i t i c a l  environ-  
mental  requirements ,  such as cryogenic o r  high- temperature 
opera t ion ,  high humidity o r  c o r r o s i v e  atmosphere, e t c .  

2.  Optimum t h e o r e t i c a l  doubler  conf igura t ion  i s  c a l c u l a t e d  by 
numerical  s o l u t i o n  of the  d i f f e r e n t i a l  equat ions  d e s c r i b i n g  
the  r e l a t i o n s h i p  between a uniform shear  stress d i s t r i b u t i o n  
and corresponding doubler geometry. This computation tech-  
nique would be based on a c t u a l  shear  s t r e s s - s t r a i n  d a t a  f o r  
t h e  s e l e c t e d  adhesive ,  s i m i l a r  t o  t h e  t h e o r e t i c a l  a n a l y s i s  
performed dur ing t h i s  program. 

3 .  The t h e o r e t i c a l  doubler  geometry r e s u l t i n g  from the  des ign 
\ a n a l y s i s  would be approximated by a p r a c t i c a l  conf igura t ion  

similar t o  the  concept shown i n  F igure  18. 
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SECTION I V  

RECOMMENDATIONS FOR FURTHER STUDIES 

The experimental  s t ress  a n a l y s i s  of  bonded j o i n t s  r e s u l t e d  i n  a success fu l  
de terminat ion  o f  t h e  shear  s t ress  d i s t r i b u t i o n  i n  t h e  adhesive l a y e r  of va r ious  
conf igu ra t ion  j o i n t s .  

Our f i n d i n g s  appear  t o  i n d i c a t e  t h a t  t h e  experimental  shear  stress d i s t r i -  
b u t i o n  d a t a  can  be  combined w i t h  t h e o r e t i c a l  stress a n a l y s i s  techniques  t o  
provide improved des ign  methods f o r  e f f i c i e n t  bonded j o i n t s ,  The primary 
l i m i t a t i o n  of e x i s t i n g  t h e o r e t i c a l  j o i n t  a n a l y s i s  techniques  i s  t h e  e l a s t i c  
t reatment  of bo th  t h e  adhes ives  and t h e  adherends. I n  a c t u a l  j o i n t s ,  most 
adhes ives  behave p l a s t i c a l l y  over a l a r g e  range of t h e  loading cyc le .  Therefore ,  
t h e  improved des ign  methods must inc lude  e l a s t i c - p l a s t i c  t rea tment  of t h e  
adhesive and adherends. 

The development o f  improved j o i n t  des ign  n-ethods r e q u i r e s  f u r t h e r  
exper imenta l  stress a n a l y s i s  e f f o r t  t o  determine t h e  e f f e c t  of  over lap  l eng th ,  
adherend conf igu ra t ion ,  adhesive th ickness ,  and adhes ive  modulus on t h e  shea r  
s t ress  d i s t r i b u t i o n .  

I n  a d d i t i o n  t o  t h e  exper imenta l  stress a n a l y s i s  work, f u l l  c h a r a c t e r i z a -  
t i o n  of  t h e  mechanical p r o e r t i e s  of t h e  adhes ives  used i s  r equ i r ed .  Knowledge 
of mechanical p r o p e r t i e s  i s  necessary  i n  o r d e r  t o  o b t a i n  c o r r e l a t i o n  between 
exper imenta l  stress d i s t r i b u t i o n  r e s u l t s  and t h e o r e t i c a l  p r e d i c t i o n s ,  No 
r e l i a b l e  mechanical d a t a  are a v a i l a b l e ,  f o r  t h e  adhes ives  of i n t e r e s t ,  i n  t h e  
form which i s  d i r e c t l y  a p p l i c a b l e  t o  t h e o r e t i c a l  a n a l y s i s  of shea r  stress 
d i s t r i b u t i o n .  

A s p e c i a l  tes t  technique was  used du r ing  t h e  c u r r e n t  program t o  o b t a i n  
shea r  s t r e s s - s t r a i n  curves f o r  adhesives under l a p  shea r  loading .  This  work 
should be extended t o  inc lude  t e s t i n g  a t  cryogenic t e m p r a t u r e s  and t o  
e s t a b l i s h  c reep  c h a r a c t e r i s t i c s  of  t h e  adhesives.  
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APPENDIX A 

EXPERIMENTAL STRESS ANALYSIS EQUIPMENT 

The p h o t o s t r e s s  ana lyzer  equipment shown i n  F igure  1 9  w a s  used e x t e n s i v e l y  
i n  determining t h e  j o i n t  stress d i s t r i b u t i o n s .  B i r e f r i n g e n t  adhesives  o r  
s p e c i a l  p l a s t i c  c o a t i n g s  w e r e  used i n  t h e  j o i n t s  under s tudy  t o  permit  d i r e c t  
measurement of t h e  mechanical  s t r a i n  dur ing  loading.  
scope c o n s i s t s  of a w h i t e  l i g h t  source ,  c a l i b r a t e d  p o l a r i z i n g  f i l t e r s ,  
and a camera a t tachment  f o r  photographing t h e  b i r e f r i n g e n t  p a t t e r n s .  

The r e f l e c t i o n  p o l a r i -  

Bi re f r ingence  w a s  measured by us ing  t h e  r e f l e c t i v e  p o l a r i s c o p e  and then 
w a s  converted t o  stress d i s t r i b u t i o n  i n  t h e  j o i n t .  

F igure  19 .  P h o t o s t r e s s ,  Experimental  
S t r e s s  Ana lys i s  Equipment 
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APPENDIX B 

CRYOSTAT FOR CRYOGENIC 
PHOTOSTRESS MEASUREMENTS 

A s p e c i a l  c r y o s t a t  was  f a b r i c a t e d  s o  t h a t  p h o t o e l a s t i c  measurements could 
be made a t  cryogenic temperatures.  The c r y o s t a t  des ign is  shown i n  F igure  20. 
The c r y o s t a t  incorpora tes  a l a r g e  g l a s s  Dewar ,  which permits  v i s u a l  observa-  
t i o n  t o  be made of t h e  submerged t e s t  specimen. The c r y o s t a t  can be assembled 
i n  a t e s t  machine and t h e  tes t  specimen can be loaded mechanically through a 
s e l f - r e a c t i n g  frame without in t roduc ing  any loads  i n  the  g l a s s  Dewar .  The 
c r y o s t a t  is sea led  a t  t h e  j u n c t i o n  wi th  the  g l a s s  D e w a r  and the  vent  l i n e  is  
d i r e c t e d  upward and away from t h e  c r y o s t a t  t o  minimize f r o s t i n g  of the  o u t e r  
s u r f a c e  of t h e  Dewar  dur ing  t e s t .  

F igure  2 1  shows the  test  se tup  f o r  checkout of  t h e  o p t i c a l  p r o p e r t i e s  of 
t h e  c r y o s t a t .  No o p t i c a l  d i s t o r t i o n s  could be de tec ted  i n  the  photographs of 
the  p h o t o e l a s t i c  f r i n g e  p a t t e r n s  taken i n  and ou t  of the  double-walled g l a s s  
Dewar  a t  room temperature.  

F igures  22 and 23 show t h e  same tes t  specimen i n  the  empty D e w a r  and 
submerged i n  l i q u i d  n i t rogen .  The g l a s s  bonded t o  t h e  specimen w a s  cracked 
as a r e s u l t  of thermal shock, b u t  t h e  photograph i l l u s t r a t e s  the  e x c e l l e n t  
c l a r i t y  of t h e  specimen and shows no o p t i c a l  d i s t o r t i o n  i n  the  l i q u i d  
n i t r o g e n  f i l l e d  c r y o s t a t .  

The b o i l i n g  of t h e  l i q u i d  n i t r o g e n  w a s  reduced t o  a s l i g h t  bubbling w i t h i n  
a few minutes a f t e r  t h e  c r y o s t a t  was  f i l l e d .  Even t h i s  minimal b o i l i n g  could 
be e l imina ted  f o r  s h o r t  d u r a t i o n s  by c l o s i n g  t h e  ven t  l i n e  and thereby i n t r o -  
ducing a s l i g h t  p r e s s u r e  r ise  i n  the  c r y o s t a t .  Under t h e s e  cond i t ions ,  we 
were a b l e  t o  analyze  and photograph the  submerged specimen with e x c e l l e n t  
c l a r i t y .  
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Figure  21. O p t i c a l  D i s t o r t i o n  Checkout 
of Dry Cryos t a t  
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Figure  

F igure  22. Close-up of 
Specimen i n  
G r  yo s t a t  

23 .  Close-up of T e s t  
Specimen i n  t h e  
Liquid  Ni t rogen 
F i l l e d  C r y o s t a t  
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APPENDIX C 

THEORETICAL SHEAR STRESS DISTRIBUTION 
I N  A DOUBLE LAP BONDED JOINT 

The fo l lowing a n a l y s i s  w a s  made on t h e  b a s i s  of t h e  techniques developed 
The r e l a t i o n s h i p  between shea r  stress and s t r a i n  i n  by Goland and Reissner.' 

t h e  adhesive can be w r i t t e n  as 

uu - 
GC rl 

- y =  I- - -  

where uu and u1 a r e  t h e  displacements  o f  t he  two adherends. D i f f e r e n t i a t -  
i n g  with r e s p e c t  t o  x , 

The adherend s t r e s s - s t r a i n  r e l a t i o n s h i p s  

dx 

g ive  

For t he  double l a p  j o i n t  conf igu ra t ion  be ing  considered,  t h e  moments are zero .  
Typica l  j o i n t  conf igu ra t ions  used are dep ic t ed  i n  F igu re  24. 

1 * = - (Tu - TI) 
dx E t r \  

D i f f e r e n t i a t i n g  once more, 

2 -  dx 

Assuming a r e l a t i o n s h i p  between shea r  s t ress  and shea r  s t r a i n  of  t h e  form 

7 = a (1 - e-by) 
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P P 

Test Specimen 

-c 0 +C 

Analytical Model 

= ptw P 
T 
w = 2.00 

t = 0.063 

C = 0,SO 

7 = 0.004 

E = 107 

Figure 24. Typical Joint  Configuration Used 
in Theoretical Analysis 
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f o r  t h e  adhesive,  we have 

Now, l e t  y = a dx . 
2 
dV = y d y  
dx 2 dY 

I n t e g r a t i n g  both  s i d e s ,  

2 
Y = 2 a y + 2 a I e - b Y + c  
2 E t q  E t q  b 1 

o r  

Applying boundary cond i t ions ,  a t  x = -c 2 Y = Ymax 

and 

Nondimensionalizing, 
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Y = Y  + A  
X X - d(:) 

C 
- +  A; 
C 

where 

A 9  x 
C 

No genera l  s o l u t i o n  could be found f o r  an equat ion of t h i s  form. An i t e r a t i v e  
s o l u t i o n  w a s  t h e r e f o r e  requ i red .  A t  

Y = Y  
X 
C 
- +  2A: 

X 

C 
- -  

y = Yult  - -1 y 

+ A $  
X d X  X c -  
C C 
- 

IC Once t h e  va lue  of y and i s  known f o r  any va lue  of - the  value  of y c y  

X X a t  ;+ AT i s  found from 

a t  ;+ X At i s  found by s u b s t i t u t i n g  y a t  - +  X A: i n t o  
C 

The va lue  of 

equa t ion  (1). The o p e r a t i o n  i s  then  repea ted  f o r  
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X The process  i s  r epea ted  throughout t h e  range of c r equ i r ed .  The smal le r  
t h e  va lue  f o r  A $ used i n  t h e  a n a l y s i s ,  t h e  more accu ra t e  w i l l  be t h e  r e s u l t s .  

7 X The i t e r a t i o n  technique y i e l d s  a va lue  of  f o r  each value of from 
the  j o i n t  parameters  

The shear  stress d i s t r i b u t i o n  i n  t h e  j o i n t  can then  be p l o t t e d  g r a p h i c a l l y  
from these  d a t a .  
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